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J-237
B.Sc. (Part-III) Examination, 2021

MATHEMATICS

Paper - II

(Abstract Algebra)

Time Allowed : Three Hours

Maximum Marks : 50

Minimum Pass Marks : 17

veesš : meYeer ØeMve DeefveJeeÙe& nQ~ ØelÙeskeâ ØeMve/FkeâeF& mes efkeâvneR oes YeeieeW

keâes nue keâerefpeS~ meYeer ØeMveeW kesâ Debkeâ meceeve nQ~

Note : All questions are compulsory. Answer any two

parts from each question/unit. All questions carry

equal marks.

FkeâeF&—I / UNIT-I

Q. 1. (a) ceevee G Skeâ mecetn nes leLee g mecetn G keâe Skeâ efveefMÛele

DeJeÙeJe nw, leye ØeefleefÛe$eCe Tg : G  G pees Tg(x)

= gxg–1, V  x  G kesâ Éeje heefjYeeef<ele nw, G keâer

Skeâ mJeekeâeefjlee nw~ efmeæ keâerefpeS~

Let G be a group and g be a fixed element of

G. Then prove that the mapping Tg : G  G

defined by Tg(x) = gxg–1, V  x  G is an

automorphism of G.

(b) ceevee G Skeâ mecetn nw, f, G keâer Skeâ mJeekeâeefjlee nw; N,

G keâe Skeâ ØemeeceevÙe Ghemecetn nw~ efmeæ keâerefpeS efkeâ

f(N), G keâe Skeâ ØemeeceevÙe Ghemecetn nw~

Let G be a group f an automorphism of G, N

a normal subgroup of G. Prove that f(N) is a

normal subgroup of G.

(c) ceevee G Skeâ heefjefcele Deve-Deeyesueer mecetn nw Deewj

p | O(G) peneb p Skeâ DeYeepÙe mebKÙee nw, leye efmeæ

keâerefpeS G ceW Skeâ DeJeÙeJe a keâe DeefmlelJe Fme Øekeâej nw

efkeâ O(a) = p.

If G is a finite group, p is a prime number and

p | O(G), then prove that G has an element

such that O(a) = p.
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FkeâeF&—II / UNIT-II

Q. 2. (a) Ùeefo  Skeâ JeueÙe R keâer Skeâ JeueÙe R' ceW Skeâ JeueÙe

meceekeâeefjlee nw, lees efmeæ keâerefpeS efkeâ :

(i) (O) = O' peneb O Deewj O' JeueÙeeW R Deewj R'

keâer ›eâceMe: ÙeespÙe lelmeefcekeâeSb nQ~

(ii)    a a V a R    

If be a ring homomorphism from R onto R'

then prove that :

(i) (O) = O' where O and O' are additive

identities of rings R and R' respectively.

(ii)    a a V a R    

(b) efmeæ keâerefpeS efkeâ Skeâ JeueÙe keâer oes iegCepeeJeefueÙeeW keâe

meJe&efve‰ Skeâ iegCepeeJeueer neslee nw~

Prove that the intersection of two ideals of a

ring is an ideal.

(c) efmeæ keâerefpeS efkeâ Skeâ JeueÙe keâer ØelÙeskeâ efJeYeeie JeueÙe,

JeueÙe keâer meceekeâeefjkeâ Øeefleefyecye nw~

Prove that every quotient ring of a ring is

homomorphic image of the ring.

FkeâeF&—III / UNIT-III

Q. 3. (a) efmeæ keâerefpeS efkeâ Skeâ meefoMe meceef° V(F) keâe Skeâ

Deefjòeâ GhemecegÛÛeÙe W, meefoMe Ghemeceef° nesiee Ùeefo Deewj

kesâJeue Ùeefo

V  , W Deewj a, b  F a + b W

Prove that a non-empty subset W of vector

space is a vector subspace if and only if :

V  , W and a, b  F a + b W

(b) peeBÛe keâerefpeS efkeâ meefoMeeW (2, 3, 1), (—1, 4, —2) SJeb

(1, 18, —4) keâe mecegÛÛeÙe V3(R) ceW jwefKekeâle: mJeleb$e

nw Ùee hejlev$e ?
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Examine whether the set of vectors (2, 3, 1),

(–1, 4, –2) and (1, 18, –4) is linearly

independent or dependent in V3(R) ?

(c) ceevee efkeâ V(F) Skeâ heefjefcele efJeceerÙe meefoMe meefce° nw

efpemekeâe W Skeâ heefjefcele efJeceerÙe Ghemeefce° nw~ leye efmeæ

keâerefpeS efkeâ :

efJecee 
V

W
  efJecee V – efJecee W

Let V(F) be a finite dimensional vector space

and also let W be a finite dimensional vector

subspace of V(F). Then prove that :

V
dim dimV dimW

W
 

FkeâeF&—IV / UNIT-IV

Q. 4. (a) ceevee efkeâ #es$e F hej U SJeb V meefoMe meefce° nw Deewj

f : U  V jwefKekeâ ØeefleefÛe$eCe nw lees efmeæ keâerefpeS

efkeâ :

(i) f keâe hejeme DeLee&led Imf = {f(x) : x  U} meefce°

V keâe Ghe meefce° nesiee~

(ii) f Skewâkeâer nw Ùeefo Deewj kesâJeue Ùeefo Deef° f = {0}

Let U and V be two vector spaces over field

F and let f : U  V be a linear mapping.

Then prove that :

(i) The range of f, namely Imf = {f(x) : x  U}

is a subspace of V.

(ii) f is one-one if and only if ker f = {0}

(b) oMee&FS efkeâ efvecveefueefKele DeeJÙetn A efJekeâCe&veerÙe nw :

1 1 4

A 3 2 1

2 1 1

 
 
  
 
  

Show that the matrix A is diagonalizable

where :

1 1 4

A 3 2 1

2 1 1

 
 
  
 
  
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(c) efvecve jwefKekeâ ™heevlejCe kesâ efueÙes peeefle MetvÙelee ØecesÙe

melÙeeefhele keâerefpeS T : V3  V3 :

T(e1) = e1 – e2

T(e2) = 2e2 + e3

T(e3) = e1 + e2 + e3

Verify Rank-nullity theorem for linear

transformation T : V3  V3 :

T(e1) = e1 – e2

T(e2) = 2e2 + e3

T(e3) = e1 + e2 + e3

FkeâeF&—V / UNIT-V

Q. 5. (a) Ùeefo V, F hej Skeâ Deevlej iegCeve meefce° nes leLee

u, v  V lees efmeæ keâerefpeS efkeâ :

 u,v u v

If V be an inner product space over F and u,

v  V then prove that :

 u,v u v

(b) Ùeefo x Deewj y JeemleefJekeâ Deevlej iegCeve meefce° ceW meefoMe

nes leLee Ùeefo x y  lees efmeæ keâerefpeS efkeâ x + y

SJeb x – y ueebefyekeâ nesles nQ~

If x and y are vectors in a real inner product

space and if x y  then prove that x + y

and x – y are orthogonal.

(c) oMee&FÙes efkeâ ØelÙeskeâ heefjefcele efJeceerÙe Deevlej iegCeve

meefce° Skeâ ØemeeceevÙe ueebefyekeâ DeeOeej jKelee nw~

Show that every finite dimensional inner

product space has an orthonormal basis.
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